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Abstract. This paper explores a single-machine scheduling problem with deteriorating jobs and a 

series-parallel graph constraint. The deteriorating jobs mean that the processing time of jobs are a 

simple linear function of their execution starting time. The objective is to minimize the weighted sum 

of the θth power of job completion time. We give an efficient polynomial time algorithm to solve the 

problem. 

Introduction 

In various service and/or production systems, the processing time of jobs may vary over time cause by 

the learning or deterioration effect. The learning effect just opposites the deterioration effect. There is a 

growing interest in scheduling with deteriorating jobs. Under the deterioration model, any delay in 

processing a job is penalized by incurring additional time for accomplishing the job. A famous and 

extensive survey of scheduling models and problems with deteriorating jobs can be found in 

Gawiejnowicz [5]. More papers which have considered scheduling jobs with deteriorating jobs include 

Lee et al. [10], Wu et al. [25], Wu and Lee [24], Wang et al. [18], Lee et al. [11], Lai and Lee [8], Gao 

et al. [4], Lee et al. [12], Yang and Yang [26], Wei and Wang [23], Wang et al. [22], Ng et al. [14], 

Huang and Wang [6], Sun et al. [15], Sun et al. [16], Zhao and Tang [27], Dolgui et al. [2], Wang and 

Wang [19], Wang and Wang [20], Duan et al. [3], and Wang and Wang [21]. 

Most of the papers mentioned above considered the time-dependent scheduling problems without a 

series-parallel graph precedence constraint. Wang et al. [18] considered single-machine scheduling 

problems with deteriorating jobs and a series-parallel graph precedence constraint (i.e. the problems 

max1| series parallel, |j j jp a b t C    and  1| series parallel, |j j j jp b a bt w C    , see 

Gawiejnowicz [5], where series-parallel denotes a series-parallel graph precedence constraint, 

 ,j j jp a b  is the actual processing time (basic processing time, deterioration rate) of job jJ , jC is the 

completion time of job jJ , jw  is the weight of job jJ ,  max max | 1,2,...,jC C j n   is the 

makespan of all jobs, j jw C  is the total weighted completion time). They proved that these both 

problems can be solved in polynomial time respectively. Wang and Wang [21] considered the single 

machine problem 1| series parallel, |j j j jp b t w W    ,  where j j jW C p   is the waiting time of 

job jJ ,   is a positive integer number. They proved that this problem can be solved in polynomial 

time. 

In the production processes of scheduling models, the completion times may have an important 

impact on total penalty cost, it is possible to consider the weighted sum of the θth power of completion 

time. Janiak et al. [7] and Duan et al. [3] present practical application examples those are justify the 

used scheduling models. Hence, this research explores a single machine scheduling problem with a 

simple linear deterioration and a series-parallel graph precedence constraint. The goal is to determine 



the optimal schedule to minimize the weighted sum of the θth power of job completion time (i.e., the 

problem  1| series parallel, |j j j jp b a bt w C    . 

The rest of this paper is organized as follows. In Section 2, we give the problem description. In 

Section 3, we consider the problem of minimizing the weighted sum of the θth power of completion 

times under a series-parallel graph. Concluding remarks are given in the last section. 

Problem formulation 

There are n  independent jobs  1 2, ,..., nJ J J J to be processed non-preemptively at time 0 0t   on 

a single machine. A schedule of jobs must comply with a series-parallel graph precedence constraint 

imposed by a given digraph  ,D E F . Each node jJ E  is identified with a job. Job iJ  precedes 

job jJ  if i jJ J  then it is required that job iJ  is completed before job jJ  can start. Following 

the assumption in Mosheiov [13], the actual processing time of job jJ  is j jp t  where 0j   is 

the deterioration rate of job jJ ,  0 t t t  is the starting time of job jJ . 

For a schedule [1] [2] [ ], ,..., nJ J J     , where [ ]jJ  denotes the jth job in schedule  , assume 

( )j jC C   and [ ] 0jw  be the completion time and weighted of job [ ]jJ  in schedule  , 

respectively . The objective is to find a feasible schedule such that the weighted sum of the θth power 

of completion time [ ]1

n

j jj
w C

  is minimized, where 0   is a positive integer number. Following 

the notation in Gawiejnowicz [5], this problem can be denoted as 

[ ]1
1 series parallel, 

n

j j j jj
p t w C


   . 

Optimal solutions 

In this section, we show that the problem 
[ ]1

1 series parallel, 
n

j j j jj
p t w C


    is polynomially 

solvable. Now we introduce some notation and terminology wherever possible. 

Definition 1 (Lawler [9], Wang et al. [18]) and Gawiejnowicz [5]. The series-parallel graph is 

defined recursively as follows: 

1. A graph consisting of a single node, e.g., 1E  , is a series-parallel graph. 

2. If  1 1 1,D E F  and  2 2 2,D E F are series-parallel graphs, where 1 2E E  , then: 

(a) The graph   1 2 1 2 1 2,D E E F F E E      is a series-parallel graph. D  is said to be a series 

composition of 1E  and 2E . 

(b) The graph  1 2 1 2,D E E F F    is a series-parallel graph. D  is said to be a parallel 

composition of 1E  and 2E . 

 

From definition 1, we know that a series-parallel graph D  can be represented by a binary 

decomposition tree. Each leaf of the tree denotes a job and the internal nodes denote either a parallel or 

series composition of the two corresponding subtrees (Lawer (1978) and Gawiejnowicz (2008)). 

Parallel (series) composition is labeled “P” (“S”). Figure 2 shows a binary decomposition tree T  for 

the graph  ,D E F  in Figure 1. 

Definition 2 (Sidney [17]). A non-empty subset M E  is a (job) module if, for each job \jJ E M , 



exactly one of the following three conditions holds: 

(a) jJ  must precede every job in M , 

(b) jJ  must follow every job in M , 

(c) jJ  is not constrained with respect to any job in M . 

 

Let (1] (2) ( ), ,...,s s s nS J J J    be any schedule of E ,  ( ) ( 1) ( ), ,...,s l s l s mU J J J E  , and 

      [ ] [ ] [ ], ( ), ( ) 1 1 1
i mm

i j ii l j l i l
U s l s m w

 

  
  

      . 

From Wang et al. [18], Gawiejnowicz [5] and Gao et al. [4], we have the following theorem: 

Theorem 1. Let ( ) ( 1) ( ), ,...,s l s l s mM J J J
     be a module of  ,D E F  and 

 
( ) ( )

arg max , ( ),
s l j s m

k U s l j
 

 , then there exists an optimal schedule in which the jobs 

( ) ( 1) ( ), ,...,s l s l s kJ J J
    are executed sequentially, without idle times and precede all the other jobs in 

M . 

 

Theorem 2. Let M  be a module of  ,D E F and   be an optimal schedule for M . Then there 

exists an optimal schedule for E  such that the jobs in M  appear in the same order as in  . 

 

Let g  be an internal node of the decomposition tree, and gM  be the union of the two sets 

1M and 2M . From theorem 1, theorem2, Lawer [9], Brucker [1], Wang et al. [18], Gawiejnowicz [5], 

Gao et al. [4], and Wang and Wang [21], we give a similar and efficient algorithm as follows: 

Algorithm A 

Step 1. WHILE there exists an internal node g  with two leaves as sons Do 

BEGIN 

Step 2. : ( )iJ leftson g , : ( )jJ rightson g ;  1 iM J ,  2 jM J ; 

Step 3. IF g  has label P  THEN 1 2:gM M M   

Else 

Step 4. 

Step 4.1 Find 1iJ M  such that     1* min |i k kJ J J M    and 2jJ M  such that 

    2* min |j k kJ J J M   . If    * *i jJ J  , let 1 2gM M M   and halt. 

Otherwise, remove iJ  from 1M , jJ  from 2M  and form the composite 

 ,k i jJ J J . 

Step 4.2 

Step 4.2.1 Find 1iJ M  such that     1* min * |i k kJ J J M   . If    * *i kJ J   

(  * kJ  is computed by (1)), go to Step 4.3.1. 

Step 4.2.2 Remove iJ  from 1M  and form the composite job  ,k i kJ J J . Return to Step 

4.2.1. 

Step 4.3 

Step 4.3.1 Find 2jJ M  such that     2* max * |j k kJ J J M   . If    * *k jJ J  , 



let  1 2g kM M M J    and halt. 

Step 4.3.2 Remove jJ  from 2M  and form the composite job  ,k k iJ J J . Go to Step 

4.2.1. 

END {IF} 

Step 5. Eliminate iJ  and jJ  and replace g  by a leaf with label gM . 

END {WHILE} 

Step 7. Construct *s  by concatenating all the subsequences of the single leaf in non-increasing order 

of * values  . 

 

Example 1 The series-parallel graph E  and its decomposition tree are given in Figures 1 and 2, 

where the weights and deterioration rates are given in Table 1, 0 1t  , 3  .Now 

consider 1P :    4 5* 15.8760 * 29.3668J J    , hence a composite job  4 5,J J can be formed from 

jobs 4J  and 5J , and 1P :   1 4 5,M J J . For 2S :    2 4 5* 21.3626 * , 24.1451J J J    , 

hence a composite job  2 4 5, ,J J J  can be formed from 2J  and  4 5,J J , and 2S : 

  2 2 4 5, ,M J J J . Similarly, 3P :   3 3 2 4 5, , ,M J J J J , 4S :   4 1 3 2 4 5, , , ,M J J J J J . Hence, the 

optimal sequence is  1 3 2 4 5* , , , ,J J J J J   and 
5 3

1
1928.381j jj

w C


 . 

 

Table 1. Values of j and jw  

 

 

 

 

 

 

          
Figure 1. A series-parallel graph       Figure 2. Decomposition tree of Figure 1 

Conclusions 

In this paper, we studied a single machine scheduling problem with a simple linear deterioration and a 

series-parallel graph precedence constraint. For the weighted sum of the θth power of completion time 

minimization problem, we derive that this problem can be solved in polynomial time. In the future, one 

can consider single machine scheduling problem with a simple linear deterioration and general job 

precedence constraints. It is also interesting to extend single machine scheduling problem with a simple 

linear deterioration and a series-parallel graph precedence constraint to different machine environment, 

jJ  
1J  2J  3J  4J  5J  

j  0.3 0.2 0.5 0.6 0.3 

jw  13 9 5 12 16 



such as parallel machines, flow shop, job shop and so on. 
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